We construct infinite sets of local conserved charges for the conformal affine Toda model. The technique involves the abelianization of the two-dimensional gauge potentials satisfying the zero-curvature form of the equations of motion. We find two infinite sets of chiral charges and apart from two lowest spin charges all the remaining ones do not possess chiral densities. Charges of different chiralities Poisson commute among themselves. We discuss the algebraic properties of these charges and use the fundamental Poisson bracket relation to show that the charges conserved in time are in involution. Connections to other Toda models are established by taking particular limits.
Introduction
The completely integrable field theories are characterized by the existence of infinite number of conserved charges in involution. An important class of integrable theories is provided by the two-dimensional Toda field theories in which integrability is signaled by the zerocurvature form of the equations of motion. It is of interest to reveal the complete integrability of the Toda theories in its basic form constructing directly charges in involution. This has been done in the framework of the affine Toda (AT) model based on the center-less KacMoody (KM) algebra. There, the infinite set of local conserved charges was constructed by the special technique of abelianizing the two-dimensional gauge potentials associated to the zero curvature equation [1] . In the case of Sl(n) such charges where also constructed, using other procedures, in [2] .
Within the context of Toda field theories one finds that the conformal affine Toda (CAT) model [3, 4] based on the full Kac-Moody algebra occupies a special place due to its conformal invariance, existence of W-infinity symmetry [5, 6] , the soliton solutions [7, 8] and the fact that the AT as well as the conformal Toda (CT) model can be obtained from it by taking particular limits. In view of the above one wishes to investigate whether in the CAT model we have a strong form of complete integrability. This paper is devoted to the explicit construction of the local, conserved charges in involution for the CAT model. The construction starts from equations of motion written in the zero-curvature form and proceeds by gauge transforming potentials to their abelian form. We find, in this way, an intriguing structure of charges. The two lowest charges have corresponding chiral charge densities. The remaining are chiral after integration but without having any chiral charge density associated with them. This explains why the local W-symmetry structure of the CAT model could be described by only two spin 1 and spin 2 chiral currents [9, 5, 6] . It is a surprising fact since the W-algebra provided by these two currents is the same for all CAT models irrespectively of the underlying KM algebra. In this paper the missing conservation laws associated with the structure of KM algebra are uncovered. However there are no extra local chiral densities extending the local W symmetry. This fact distinguishes the CAT model among the integrable conformal models. For instance, the charges of the CT model are obtained from chiral densities satisfying a W N algebra intrinsically related to the Casimir operators of the underlying simple Lie algebra [10] .
We prove using the fundamental Poisson bracket relations (FPR) that the charges for CAT model conserved in time are in involution. It is not clear yet whether the charges of given chirality are in involution although it is quite trivial to see that charges of different chiralities mutually Poisson commute.
The densities of the chiral charges have a special form, which allows one to gauge fix the conformal symmetry obtaining the AT charges constructed in [1] (see also ref. [2] for the SU(n) case) from the corresponding CAT charges.
In section 2 we discuss the main properties of the CAT model. We review some basic results and reformulate equations of motion in terms of the special basis of KM algebra [11, 12, 1] . This choice of basis proves to be essential in our construction. The main results are given in section 3 where by successive gauge transformations we cast potentials into an abelian form and find the corresponding conserved charges. Their involution is discussed in section 4 where use is made of the fundamental Poisson bracket relations. Finally in section 5, we give explicit examples for sl(2) and sl(3) constructing the first few charges. Section 6 contains discussion, and in appendix A we show how to construct a set of chiral charges which are independent of the field ν of the CAT model.
The CAT model
The Conformal affine Toda models (CAT) extend the Affine Toda models (AT) by the introduction of two extra fields which make the model conformally invariant [3, 4] . For each simple Lie algebra G we associate a CAT model with the equations of motion given by [7] :
where , where α a are the simple roots of G and q a and q 0 are coupling constants. These equations are invariant under conformal transformations:
where f and g are analytic functions and B is an arbitrary constant. Therefore e ϕ a are scalars under conformal transformations and e −ν and e −η are primary fields of conformal weights (B, B) and (1, 1) respectively [7] .
The equations of motion (2.1)-(2.3) can be written as a zero curvature condition:
where the potentials A ± lie on the affine Kac-Moody algebraĜ associated to G 
, is the generator used to perform the so called principal gradation of an affine Kac-Moody algebra.
The generators H n a , E n α , C and D constitute the Chevalley basis ofĜ and their commutation relations are defined in (5.1). There exists however another basis forĜ which will prove very useful in the construction of the conserved charges of the CAT model [11, 13] . In that basis the element E + appearing in the gauge potentials (2.9) plays a crucial role. One can gradeĜ using the operator (2.12) asĜ
where m ∈ Z Z and such that [ρ ,Ĝ m ] = mĜ m (2.14)
The subalgebra H ofĜ commuting, modulo the central term C, with E + is a Heisenberg subalgebra with generators E M ∈Ĝ M , where M are the exponents ofĜ, satisfying
These exponents have a period equal to the Coxeter number h of G and forĜ being an affine Kac-Moody algebra (not twisted) they have the form M ≡ m a + nh where n is an integer and m a , a = 1, 2, . . . , r are the exponents of the simple Lie algebra G. In addition these exponents possess the symmetry M → −M. In particular, unity is always an exponent and it follows that
The complement F of H inĜ is such that the dimension of F m ⊂Ĝ m for m = 0 is equal to the rank of G (≡ r). The subspace F 0 has dimension r + 2 and is generated by C, D and H 0 a , a = 1, 2, . . . , r. Except for the extra two generators of F 0 , the basis,
where γ a and v [M ] are vectors in the root space of G and [M] means M modulo h [12, 13] .
The Construction of the Charges
We now show how to construct the conserved charges for the CAT models. In the case of the AT models this was done by rotating the gauge potentials into an abelian subalgebra such that the commutator term in (2.8) vanishes [1] . One then obtains, by imposing suitable boundary conditions on one of the space time variables, let us say x, that the quantity dxA x is constant in the other variable, let us say t. Such procedure proved to be very powerful in the case of the AT models [1] where the underlying algebra is a loop algebra. In the case of the CAT models the situation is a bit more complicated due to the central term of the KacMoody algebra. However, such fact does not prevent us from constructing conserved charges. In fact, it makes things even more interesting. We can rotate the right/left components of the gauge potentials into the negative/positive abelian subalgebras of the Heisenberg algebra H. The structure of those potentials is such that the zero curvature form of the equations of motion leads to the conservation of the densities of the chiral components of the energymomentum tensor, and also of the spin one current related to the free field η. This contrasts with the AT model, where only the integrated E-M tensor is conserved [1] . This sheds some light on the connection between the conformal invariance of the model and the central extension of the KM algebra. Another interesting aspect is that the higher chiral conserved charges are integrals of non chiral densities. Therefore the conservation laws of the CAT model are not really described by a W algebra like in the case of the CT models where one has chiral densities generating a W N algebra. However, as we have shown in [9, 5, 6 ] part of the conservation laws for the CAT model leads to a W ∞ algebra. We now show that there are two infinite sets of chiral conserved charges. Each right (left) chiral charge is associated with a generator E M for M < 0 (M > 0). In fact, the charges will be conserved in time t, x + or x − depending upon the boundary conditions one imposes on the fields. In this section we will work out the conservation laws using light cone variables. In section 4 we show that the charges conserved in time are in involution.
Let us start with the right charges. We first perform a gauge transformation
with g = e Φ/2 . We then get
The idea now is to perform a second gauge transformation to rotate the potential A R + as
where g R is an exponentiation of the generators ofĜ with negative eigenvalues ofρ given in (2.12) [14] . In fact, since E −M for M > 1 commutes with E 1 we can take g R to be an exponentiation of E −1 and the generators of F −m for m > 0. To show that (3.3) is possible, let us write
where X −m depends on ζ −n for n ≤ m only. One can observe that the r parameters in ζ −m−1 can be chosen in such a way as to cancel the r components of A 
The components of A R − in the direction of F a −m , as we show below, vanish as a consequence of the equations of motion. The zero curvature condition (2.8) for the gauge transformed potentials can be split into three parts, one in the direction ofρ, other lying on the Heisenberg subalgebra and another on its complement. So one gets
In eq. (3.10) the term with highest eigenvalue ofρ is
Since there are no generators of F commuting with E 1 (see (2.17)) one concludes that b = 0. So, following this reasoning one concludes that the second term on the right hand side of (3.7) vanishes. Therefore we have rotated the two components of the gauge potential into the Heisenberg subalgebra (except for the term ∂ + ηρ in A R + ). One observes that the only non vanishing term, involving E 1 , in the commutator in (3.9) is given by
Since this is the only term in the direction of C in (3.9) one concludes that A
In consequence the terms proportional to E −1 in (3.9) lead to
corresponds, in fact, to a chiral component of the CAT model stress tensor. Notice that the central term played a crucial role in making such local density chiral. In addition (3.8) leads to
The chiral densities J R and A R,(1) + are respectively the spin 1 and 2 fields shown, in [9] , to be the only remaining Kac-Moody currents in the reduction of the two-loop WZNW model [4, 15] , and used to construct an W ∞ for the CAT model [5, 6] .
After those considerations what is left of (3.9) is
These equations are in fact the conservation laws for the CAT model. They can be rewritten as
where we have introduced
Therefore by imposing suitable boundary conditions on the fields it follows from (3.15) and (3.17) that the charges
Notice that e
are not. Therefore the densities of the chiral charges (3.19) are not chiral themselves. Hence we have here a situation different from that of conformal field theories with extended symmetry. There, the symmetries are described by in general a W-algebra and the densities are chiral (like in the CT models for instance). It would be interesting to study the algebra of these non chiral densities.
The gauge potentials A R ± can in fact be rotated into the abelian subalgebra of H generated by E −M for M < 0. This is done by two gauge transformations. Denoting
we get
where now we extend the definition (3.18) of a R,(M ) + for M = 1. In addition
where a
The other component of the gauge potential transforms as
since E 1 commutes with all E −M for M < 0 and J R is x − independent. Therefore the gauge potentials a R ± are abelian and satisfy the zero curvature condition:
Notice that the only non-local quantity in these potentials is a R,(0) + , but it is harmless due to the chiral character of the quantities involved. Since
is a solution of the equations of motion, the exponential terms appearing in a R ± are local quantities and depend only on the free field η. That is an interesting fact and it is a consequence of the conformal symmetry. As we have shown in [7] the dynamics of the CAT model on a space-time (x + , x − ) is the same as that of the AT model (except for the passive field ν) on a space time (x + ,x − ) where x's andx's are related by the transformatioñ 
It is a remarkable fact that the term e −M
x + dy + J R comes exactly with the right form to make such a transformation to the AT charges possible. The densityã
is now η-independent, although it may be ν-dependent. In the appendix A we show how to construct a set of densities which are ν independent. Those relate to the densities for the AT model which were constructed in [1] , and also in [2] .
We now discuss the construction of the left charges for the CAT models. We first perform a global gauge transformation on the gauge potentials (2.9) with the group element Ω = exp ( 
where
Next, we perform the gauge transformation (3.1) with g = e −Φ/2 . We get
We now rotate these potentials into the Heisenberg subalgebra with a third gauge transformation
with g L = e (ξE 1 + m>0 ζm) and ζ m ∈ F m . Following the same procedure we used in the case of the right charges we obtain that
Then by performing two consecutive gauge transformations withḡ 1 = exp(ρ x − J L dy − ) and thenḡ 2 = exp(−E −1
So, the gauge potentials are abelian and satisfy
and lead to the conservation laws
We recognize in the above the similar structure as the one we previously constructed for the right charges.
Notice that the densities a
) are functions of x + (x − ) derivatives of the fields only. For Lagrangeans which are quadractic in time derivatives of the fields, it follows that the Poisson bracket between x + and x − derivatives of the fields vanishes. Therefore the right and left charges Poisson commute. So, the algebra of the chiral charges split into two commuting isomorphic subalgebras.
Involution of Charges
In this section we will use the fundamental Poisson bracket relation (FPR) and abelianization to verify that the x-component charges obtained above are indeed in involution. We will follow closely approach of references [16] and [1] . Let us recall some main steps of this formalism. The basic role is played by the FPR relation constructed in [4] for the CAT model:
where A x = A + + A − , with A ± given in (2.9) and
and C ± are given by
and C − is obtained from C + by the interchange of left and right entries, and η ab is the inverse
Due to the commutator term in (2.8), the quantities is not easy to evaluate directly. Since they are related to A x via gauge transformations as shown in section 3, we will make use of the gauge invariant quantities TrU n with U being the path ordered exponential
Indeed, using the zero curvature condition (2.8) and the non abelian version of Stoke's theorem [1] one gets that TrU n are conserved in time. From FPR (4.1) we can prove that
Ax(y)dy (4.7)
Relation (4.6) can be used to prove another useful identity are abelian and so path ordering is not essential. Therefore the conserved quantities TrU n are local. In fact, they are functionally related to the charges (4.4) . From this we conclude that the integrals of x-components of a R,(M ) ± , i.e. the charges (4.4), must also be in involution as a consequence of (4.10).
Examples
The commutation relations for an affine Kac-Moody algebra in the Chevalley basis are given by , and ǫ(α, β) being structure constants. We now give explicit expressions for the first two non trivial charges for the case of the Sl(2) and SL(3) CAT models.
The Example of Sl(2)
The simple algebra Sl(2) has just one positive (simple) root and its Cartan matrix is K = 2. The equations of motion are those given in (2.1)-(2.3) with K ab = K ψb = 2, l ψ a = 1 and we shall normalize ψ 2 = 2. The basis discussed in section 2 in this case is given by
and they are all eigenvectors ofρ
Using the procedure of section 3 one can calculate the charges. The first two right charge densities are given by
As explicit calculation has shown the integral of charge densities a R,(k) + k = 1, 3, 5 becomes ν-independent under appropriate boundary conditions. This is related to the fact that it is possible to construct ν-independent densities, as shown in the appendix A. Also we should point out that the charges obtained from a R,(k) + k = 3, 5, ... correspond to taking the AT charges and replacing the space time coordinates by (3.28)
The Example of Sl(3)
The Cartan matrix for SL(3) is given by K 11 = K 22 = 2 and K 12 = K 21 = −1 and l ψ a = 1, a = 1, 2. We shall denote by α 1 and α 2 the simple roots and the highest is ψ = α 1 + α 2 which we normalize as ψ 2 = 2. We also have K ψ1 = K ψ2 = 1. The structure constants ǫ(α, β), appearing in (5.1), can be chosen such that ǫ(α, β) = −ǫ(−α, −β), ǫ(α 1 , α 2 ) = 1, ǫ(−α 1 , ψ) = 1 and ǫ(−α 2 , ψ) = −1. The basis discussed in section 2 is given by Using the procedure of section 3 one can check that the first two right charge densities are given by
(5.20)
Discussion
We constructed an infinite number of conserved charges for the Conformal Affine Toda models. These charges are intrinsically related to the Heisenberg subalgebra H of the underlying KM algebra. As we have pointed out an interesting aspect of those conservation laws is that, although the CAT model is a conformally invariant model, its symmetries are not described by chiral currents only. The chiral charges we constructed do not possess chiral densities, except of course for the stress tensor components and the spin 1 currents ∂ ± η. Therefore not all the symmetries give rise to a W -algebra [9, 5, 6] . In ref. [9] we have shown how to obtain the chiral densities of the CAT model via the Hamiltonian reduction as the remaining KM currents of the two-loop WZNW model [4] . The densities were obtained, for each chiral sector, by constraining the KM currents and then by choosing appropriate gauge fixing conditions such that the so called remaining currents depend on the CAT model fields only. However, we have not succeeded in obtaining the whole spectrum of CAT model charges via Hamiltonian reduction. We now comment that this is possible at the level of the conservation laws by considering the constraints on both chiral sectors. Let us consider for instance the right currents. After the constraints are imposed they are given by [9] 
where M is an exponentiation of the negative step operators of the KM algebra and appear in the Gauss decompositionĝ = N AM [9] . Notice that (6.1) looks very similar to (3.3) . However the quantities entering g R in (3.3) are arbitrary parameters whilst those in M are WZNW fields. In [9] we have shown that one has to gauge fix the currents j a m and j M , for M > 1 in order to eliminate the unwanted WZNW fields in M. We were left then with only two remaining currents. If one does not gauge fix all the j M currents, they will be remaining chiral currents depending on some unwanted fields. However, using the constraints on the left sector one can eliminate such fields when those currents are inserted into the equations describing the conservation laws. Such mixture of constraints on both chiral sectors accounts for the non chiral character of the charge densities. Therefore, the Hamiltonian reduction provides the same conservation laws we obtained in this paper, although it does not give directly the expression for the charge densities. We now make some comments on the relation among the conserved charges for the different hierarchies of Toda models. One notices that by performing global gauge transformations of the type (3.31) one can eliminate the coupling constants from one of the components of the gauge potential. In particular, we have chosen the gauge such that the charges (3.19) and (3.42) are independent of the coupling constants. By taking the limit q 0 → 0 one observes from (2.3) that the ν field becomes free and the second exponential on the r.h.s. of (2.1) is dropped. Since the charges (3.19) and (3.42) are unchanged under such limit they are also conserved charges of the model obtained by that limit. In particular, by taking the special case where η = 0, one observes that the models under consideration are the Affine Toda (q 0 = 0) and Conformal Toda (q 0 = 0). Of course, they both carry the extra passive field ν, which does not affect the ϕ's dynamics. Let us remark however that although the charge densities a R,(M ) + depend explicitly on the field ν, the densities constructed in appendix A do not. Therefore, since the field ν can really be droped from the integrated charges, we have shown that the chiral charges of the AT an CT models are the same. In the case of the CT model we already know that not only the charges but also the densities are chiral. This then generalize the result already known in the literature about the relation between the AT and CT charges for the case of Sl(N) [17, 18, 19] .
Finally, we would like to mention that the corresponding FPR (4.1) for the chiral components of the gauge potentials contains δ ′ terms. The involution of the chiral charges therefore is not as clear as that for the charges conserved in time. It would be interesting to verify whether all the light-cone charges share that property.
A Appendix: ν independence of the charges
We now show that it is possible to construct another set of chiral charges, obviously related to the ones given above, which are independent of the field ν. The construction works similarly for both chiralities, but here we will discuss only the right charges. The basic idea is to perform a gauge transformation to eliminate the field ν from the A R + component of the gauge potentials given in (3.2). One point about this procedure is that we will not get a chiral density, like we did before, corresponding to one of the components of the CAT model energy-momentum tensor.
It is useful to work with the basis of the subspace F 0 . As we pointed out below (2.16), all subspaces F n have dimension equal to the rank of G (≡ r), except for F 0 which has dimension r + 2. Let us denote by Notice thatÃ R + is σ (and so ν) independent. Using arguments similar to those used in (3.7)-(3.11) we obtain that are chiral and independent of the field ν (or equivalently σ).
